where p is the number of pole pairs and B op is the flux density in the magnets at the operation point of the magnetic circuit 1 . Since B op is slightly lower than the remanence of the magnet B r , the airgap flux density approaches this value only in motors with more than 6 poles. In typical 4-or 6-pole motors with conventional embedded Ferrite magnets, whose B r is about 0.4 T, the resulting B g usually ranges from 0.25 to 0.40 T. These are very low values if a reasonable performance is required.
A conventional embedded magnet motor is described in [14] . The flux per pole in that rotor configuration is given by:
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  (2) where D is the rotor diameter, L is the core length and k f is the form factor of the spatial distribution of flux density in the airgap.
The operating point of the magnetic circuit [19] is obtained combining the demagnetization characteristic of the magnet (where μ rec is its recoil permeability) with the magnetic circuit load curve.
In reference [14] a direct relationship between the peak value of magnetic flux density in the airgap, B g , and B r is obtained, as follows: 4 1
The constant A is given by: 
where k d is the fringing and leakage flux factor, h is the height of the magnet pieces, l g is the airgap length including Carter's coefficient, b is the magnet thickness and k s the saturation factor of the whole magnetic circuit.
The operating flux density of the magnet, B op , is calculated by: 
The airgap flux density, B g , is the most relevant parameter to evaluate motor characteristic, as well as an important design constraint [9] . With the aid of (3) and (4) one can easily estimate B g from B r , since those equations are dependent only upon dimensional parameters and on design factors.
Therefore, in motors with few number of poles, the parameter A given by (4) is far larger than unity. Considering that in small rotors the height of the magnets is in general appreciably smaller than rotor diameter, (3) becomes approximately equal to (1) . As already stated, this means that the conventional embedded magnet motor presents modest characteristics when a poor magnet material is utilized, such as Ferrite.
III. THE AXIAL FLUX CONCENTRATION CONCEPT
With the purpose of increasing the airgap flux density, a modified topology of the embedded magnet rotor is proposed. The first idea was based in the Halbach magnet array, where additional suitably-positioned magnet pieces may "guide" the flux through the magnet itself, thereby increasing its value [20] - [21] . Here, additional magnets are also utilized, but the flux takes an axial path by using an appropriate magnetic circuit configuration.
The proposed AFC topology, illustrated in Fig. 1 , has the same cross-section as the conventional embedded magnet rotor. The main difference is that the rotor, including the magnets, is extended axially to a length L', larger than the stator length, L. In this new configuration, there is an additional amount of flux produced by the portion of the magnet that exceeds the stator length, in both sides of the rotor. This extra flux enters circumferentially in the rotor segment extensions, and flows axially through the ferromagnetic material, towards the center of the rotor. Except for a small amount of fringing flux, most of this additional flux takes the axial direction due to a lower magnetic reluctance in the center of the rotor, placed inside the stator bore. Once this flux reaches the center of the rotor it is added to the flux created by the magnets located in there. Then, the total flux turns up and leaves the rotor in the radial direction, towards the stator. Hence, the total flux that crosses the airgap is increased when compared with the conventional rotor (with same length as the stator). The arrows in be necessary to accommodate yet some kind of ventilating blades in this region. However, in low pole number motors the stator end windings are relatively large, even with fractional pitch coils. Moreover, even in optimized designs there usually remains sufficient space for a certain amount of rotor extension, keeping the overall length of the motor unchanged.
The mechanical supporting of rotor segments may be accomplished through many ways. The use of non-magnetic retaining rings, in the portions of the rotor protruding out of stator core, is an efficient solution for solid ferromagnetic segments made of mild steel or soft magnetic composites [14] .
Punched rotor segments with ferromagnetic steel bars inserted in appropriate holes is also a usual construction [22] . The steel bars are used for mechanical retaining of the whole rotor and serve at the same time, in this AFC scheme, as axial flux conducting paths.
In the proposed topology, by neglecting in a first moment the extra saturation of the rotor segments or other flux paths, the equations utilized to obtain the flux per pole or flux in the magnets hold, provided that appropriate lengths are considered, as shown in [14] . Performing the same development as in section II, the relationship between the peak value of magnetic flux density in the airgap, B g , and B r is now given by:
Comparing equations (6), (3) and (5) one can establish an equivalent operating condition for the magnetic circuit:
where B' op is the flux density in the equivalent permanent-magnet at the operation point of magnetic circuit and B' r is the equivalent permanent-magnet remanent flux density. This is the flux density associated with an equivalent PM exhibiting the following equivalent remanence:
Considering appropriately B' r and B' op , the following equivalent recoil permeability, μ' rec , for the magnet can be written:
The meaning of such equivalence resembles a conventional embedded magnet rotor, with the original rotor length, excited by a hypothetic magnet material with an increased B r and a higher μ rec , when seen by the stator. Fig. 2 illustrates this equivalence, where the dashed line stands for the curve of the actual PM, whereas the solid line represents the fictitious magnet characteristic.
At this point a question may arise concerning the appropriate choice of the new length L', namely how long it could be. It can be noticed from (6) to (8) that the longer the rotor, the higher the flux density, thereby yielding higher saturation levels in the rotor. Depending on the saturation level, this might offset the expected effect of increasing B g . 
IV. THE PROTOTYPE MOTOR
Aiming to quantify the effects of the proposed AFC technique, a three-phase PM brushless DC motor was developed for research purposes. The prototype was constructed with one stator and two rotors: the first one, ROTOR 1, with the same axial length of the stator, L, and the second one, ROTOR 2, with an increased rotor length, L', where the AFC concept has been applied. The rated data of the motor with ROTOR 1 are summarized in Table I . The prototype was manufactured with a conventional stator core, made of silicon-steel laminations, as well as a standard three-phase star-connected winding [23] . The slots are skewed aiming to reduce the pulsation in the airgap flux density distribution. The rotors were made of carbon steel laminations, retained by a ferromagnetic steel bar, which has the additional function of providing an axial flux path in the longer rotor. The two rotors have exactly the same cross section, the only difference being the axial length of the core, as well as the length of the magnets. As standardized magnet pieces are utilized, the increased rotor length is determined by the width of four magnet pieces utilized in each pole, instead of three for the normal length rotor. The shaft was made of non-magnetic stainless steel and the PMs are of rare-earth NdFeB type, which were radially retained in the rotor slots by means of In both sides of the rotor and in its middle position there are non-magnetic, non-segmented steel plates, which are used for sustaining the magnetic steel bars and the rotor segments as well. This set is press fitted against the shaft. The entire rotor is a very rugged structure, suited for operating at high speeds and in harsh environments subjected to shock and intense vibration. The PMs are standardized components made from rare-earth NdFeB in the form of prismatic pieces, inserted along the four rotor slots. Limiting operational temperature of the magnets is 150°C.
The main dimensions and parameters of the prototype are listed in Table II . The form factor is obtained from the flux plot in the airgap, considering a smooth surface stator. The leakage factor is evaluated by computing the permeance paths of the leakage flux in the rotor. The saturation factor is evaluated by computing the magneto motive force required by the ferromagnetic parts of the magnetic circuit. This saturation factor, k s , has been assumed the same for both rotors, based in the fact that its value is close to unity, due to airgap presence in magnetic circuit, whose reluctance is preponderant. Fig. 4 . Rotors of the prototype. Upper rotor is the conventional -ROTOR 1, with the same length of the stator. The lower rotor -ROTOR 2, is that where the AFC occurs, due to its extended length. This appreciable increase in B g , while keeping the original stator winding and current, affects the capability of the motor in the same rate, namely 26.8% in both torque and power, at the same speed.
The overall dimensions of the motor remained the same, as shown in Fig. 3 .
The weight of the stator active part, including magnetic core and winding is 14.1 kg. The weight of ROTOR 1 active part, including core and PMs, is 4.9 kg, and for ROTOR 2 it is 6.6 kg. The weight of structural parts, such as frame, end shields, shaft and bearings, totalize 8.4 kg. Thus, the AFC allows torque and power densities to be increased in a rate comparable to that of B g , namely 16 .3%
considering only the active part, and 20.3% considering the total motor weight. The manufacturing cost of the motor with AFC is increased in 16.1% considering only the active materials, and is mainly due to the high price of the NdFeB PMs. The overall increase in manufacturing cost was about 8.3%.
These values are summarized in Table III . Table III it is possible to observe that the absolute values of torque densities are modest 2 for a rare-earth PM motor. This is due to the bulky construction and to the conservative dimensioning of a TENV machine. It is worth mentioning that, as the main goal of building the prototypes was to evaluate the effectiveness of AFC concept compared to the conventional topology, their design was absolutely not optimized with regard to torque and power densities. From the airgap flux density it is possible to estimate the electrical and mechanical characteristics of the motor. The peak value of phase voltage can be calculated as follows:
where f is the frequency and N ph is the number of turns per phase for the stator winding and B g was obtained from (6) . 
where K w and K sk , defined in Table II , are used.
In brushless DC motors, the peak value of the static torque can be evaluated by:
considering two phases conducting the rated current I a , and an ideal angle between stator magneto motive force and rotor flux density. The quantities calculated by (3), (6), (10), (11) and (12) for both rotors are presented in Table IV . 
V. 3D FINITE ELEMENT MODELING
In order to verify the effectiveness of the proposed topology to increase the flux, as well as to validate the analytical methodology presented in Sections III and IV, a finite element simulation in three dimensions has been carried out with the aid of a commercial finite element package. The simulation has been performed by using the non-linear Magnetostatic approach, with the only excitation in the magnetic circuit being provided by the magnets. The laminations of both stator and rotor iron cores have been taken into account in the simulations through the homogenization technique [24] - [25] . Fig. 7 shows a view of the meshed finite-element model (only one eighth of the motor is modeled due to symmetry). The slot skewing was not taken into account in the model, because it doesn't affect airgap flux density values, it only affects induced voltage, which is not object of this simulation. respectively. In these cases the flux per pole was computed by a surface integration of the airgap flux density, as follows:
where S is the area of a cylindrical surface, placed in the center of the airgap, as illustrated in Fig. 8 . Although 3D simulations are the more realistic among presented calculations, they are difficult to perform, requiring access to expensive softwares, and are time-consuming. Analytical calculations and 2D simulations, on the other hand, are much easier to do, and provide results which are in good accordance with 3D simulations values, being differences tipically less than 10%, as seen in Table V .
Such differences are not surprising, if one takes into account that these more simple calculations use equivalent quantities presented in section III.
Flux density plots in the end part of the motor for the 3D simulations are shown in Fig. 9 . The last simulation was performed in 2D, with both stator and rotor with the same lengths and the "modified", fictitious PM, with B' r and μ' rec given by (8) and (9) . This sensitivity analysis can be used to estimate the maximum increase in rotor length that is allowed for a given magnetic configuration. As can be seen in Fig. 10, it is clear the effect of magnetic saturation for rotor lengths above 50% longer than the stator length in the prototype geometry. It is possible to observe also in Fig. 10 (a) , that some stray flux originated from the rotor extended region increases the flux density at the extremities of stator tooth, with more iron losses in that localized parts. Line and phase RMS voltages are shown in Fig. 13 , as a function of rotor speed, measured by a true-RMS voltmeter. The torque-angle characteristic measured with constant rated current is presented in Fig. 14 (a) . Operating as brushless DC motor, the commutation of the phases may ideally occur at an angle near 45° in a four-pole motor. The distortion of the curves compared with the theoretical trapezoidal characteristic is due to armature reaction. In Fig. 14 (b) the torque-current characteristic is also shown, for the ideal mechanical angle of 45°. Some measured values, corresponding to half rated speed and rated current are compared with the calculated values and are presented in Table VI , showing good agreement. A remarkable fact to be observed is that the measured values obtained for ROTOR 2, are in average 25.1% higher, when compared to ROTOR 1, a very close agreement with the increase predicted by the theoretical procedure described in section IV for the AFC technique, namely 26.8%.
The effect of the AFC technique in the motor efficiency at rated load has not yet been verified by measurements. Nevertheless, calculations show a slight increase in efficiency, as indicated in Table   VII . As expected, the gain in net torque and hence in rated output power, were achieved with the original stator winding and phase current. In this manner the Joule losses, which are the most significant contribution to the overall losses in this kind of machine, are kept unchanged. On the other hand, although augmented core losses can occur, due to higher flux densities, to saturation and fringing effects at the corners of stator core, this increase will not jeopardize the gain in efficiency. Table VII shows the calculated losses and efficiencies for both normal and AFC rotors. The solid bars, utilized for retaining the sector laminations of the rotor and also as a mean to conduct axially the accumulated flux from its extended part, seems to have no significant effect on the motor losses. These bars are deeply installed in the rotor, so the eventual flux pulsation due to tooth ripple and phase commutation does not completely link these bars circuit. On the other hand, it is possible to roughly consider these steel bars as a kind of damper winding, similar to that existent in conventional synchronous machines [19] . As well known, damper windings do not contribute significantly to the total losses in those machines.
VII. CONCLUSION
The AFC technique was presented and applied to rotors with embedded PMs. A prototype with two rotors was developed to evaluate its effectiveness. It has been shown that it enables a substantial increase in the airgap flux density, yielding an overall improvement in motor performance. The proposed topology consists in using a rotor which is longer than the stator, providing a way to axially conduct the flux created by the magnets located in the extended rotor portion. The increased magnet weight and rotor complexity are partially offset by the improvement in the performance of such machines, especially in low pole-number, small rotor-diameter PM motors.
